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RANK TWO ACM BUNDLES
ON THE DEL PEZZO FOURFOLD OF DEGREE 6
AND ITS GENERAL HYPERPLANE SECTION
GIANFRANCO CASNATI, DANIELE FAENZI, FRANCESCO MALASPINA
Abstract. In the present paper we completely classify locally free sheaves of rank 2 with van-
ishing intermediate cohomology modules on the image of the Segre embedding P2 ×P2 ⊆ P8 and
its general hyperplane sections.
Such a classification extends similar already known results regarding del Pezzo varieties with
Picard numbers 1 and 3 and dimension at least 3.
1. Introduction
Let PN be theN -dimensional projective space over an algebraically closed field k of characteristic
0. If X ⊆ PN is a smooth closed submanifold of dimension n ≥ 1 we set OX(1) := OPN (1)⊗OX .
Among vector bundles F on such an X , the simplest ones from the cohomological point of view
satisfy the vanishing
Hi
(
X,F(t)
)
= 0, ∀ i = 1, . . . , n− 1, t ∈ Z.
Such vector bundles are called arithmetically Cohen-Macaulay (aCM for short).
It is possible to classify aCM bundles completely for varieties belonging to a short precise list,
consisting (for n ≥ 2) of projective spaces, smooth quadrics, the Veronese surface in P5 and rational
normal surface scrolls of degree up to 4 (see [22] for quartic scrolls and [26], [29], [5], [34] for the
remaining cases: cf. also [17]). However, for any other variety such a classification is hopeless,
due to the “wild” behaviour of the category of maximal Cohen–Macaulay modules (which are the
algebraic counterpart of aCM bundles), as described in [21].
In spite of this, a detailed study of aCM bundles of low rank, in particular of rank 2, is feasible
for certain types of varieties, most notably Fano manifolds. These are smooth projective varieties
X of dimension n, such that ω−1X is ample (see [28] for a review about Fano varieties). Let r be
the greatest positive integer such that ωX ∼= L−r for some ample L ∈ Pic(X). It is known that
1 ≤ r ≤ n+1 and r = n+1 (resp. r = n) if and only if X = Pn (resp. X is a quadric hypersurface).
We are thus interested in the case r ≤ n− 1. Fano manifolds satisfying the equality r = n− 1
are called del Pezzo. They are completely classified and fall into a very short list (see [23], [28]).
We focus our attention to the case n ≥ 3: for simplicity we assume L to be very ample. Several
results about aCM bundles on Fano and del Pezzo threefolds can be found in [2], [4], [7], [10], [31],
[19], [3], when the Picard number ̺(X) := rkPic(X) of X equals 1. Let us point out that aCM
bundles of rank 2 on our variety X are intimately related to several important features of X , as
for instance for a cubic hypersurface X these bundles are in bijection with inequivalent Pfaffian
representations of X . In a different direction, stable aCM bundles F of rank 2 with c1(F) = 0 on
a del Pezzo threefold X correspond to instantons of minimal charge, cf. [20], [30] which appear
in connection with the intermediate Jacobian of X , and with periods of other classes of Fano
manifolds, [32]. Anyway these bundles have been studied mainly under the assumption ̺(X) = 1,
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while technical difficulties arise for higher values of ̺(X), mainly because the correspondence
between a rank 2 bundle F and the zero locus of a global section of F is unclear a priori: this is
indeed the starting point of our analysis.
The first complete classification of aCM bundles of rank 2 on del Pezzo manifolds X with
̺(X) ≥ 2 is presented in [11] for the Segre embedding P1 × P1 × P1 ⊆ P7; the moduli spaces of
these bundles are studied in [12]. In this case deg(X) = 6 and ̺(X) is as high as possible.
The aim of the present paper is to give a complete description of indecomposable aCM bundles of
rank 2 on the other del Pezzo manifolds of degree 6, namely the Segre embedding Φ := P2×P2 ⊆ P8
and its general hyperplane section F ; of course both F and Φ have Picard number 2. In order to
formulate our main results, we introduce some notation. Let A(X) be the Chow ring of X , so that
Ar(X) denotes the set of cycles of codimension r. The two projections πi : Φ → P2, i = 1, 2, are
isomorphic to the canonical map P(O⊕3
P2
)→ P2. We denote by ηi, i = 1, 2, the classes of π∗iOP2(1)
in A1(Φ), so that Pic(Φ) ∼= Z⊕2 is generated by η1 and η2. Clearly, η2 and η1 are respectively
identified with the tautological divisors of π1 and π2, and the class of the hyperplane divisor on Φ
is η = η1 + η2. Then:
A(Φ) ∼= A(P2)⊗A(P2) ∼= Z[η1, η2]/(η
3
1 , η
3
2).
The morphisms πi induce maps pi : F → P
2 by restriction, i = 1, 2. Such maps are isomorphic to
the canonical map P(Ω1
P2
(2))→ P2. Thinking of the second copy of P2 as the dual of the first one,
then F can also be viewed naturally as the flag variety of pairs point–line in P2. Let hi, i = 1, 2,
be the classes of p∗iOP2(1) in A
1(F ) respectively. As for Φ we have that h2 and h1 are respectively
identified with the tautological divisors of p1 and p2, so that the class of the hyperplane divisor on
F is h = h1 + h2. The above discussion proves the isomorphisms
A(F ) ∼= A(P2)[h1]/(h
2
1 − h1h2 + h
2
2)
∼= Z[h1, h2]/(h
2
1 − h1h2 + h
2
2, h
3
1, h
3
2).
In particular, Pic(F ) ∼= Z⊕2 with generators h1 and h2.
In Section 2, after recalling Hartshorne–Serre correspondence, we give a characterization of
aCM line bundles on F . In the final part of the section we show that initialized, indecomposable,
aCM bundles of rank 2 on Φ restrict on F to bundles with the same properties. In particular the
descriptions of bundles on F and Φ are strictly interlaced. We will use such a relationship in the
whole paper: indeed, usually, we will first deal with one of the del Pezzo sextics, then using the
obtained results for dealing with the other one.
Our first main results are the following (see Sections 3 and 4).
Theorem A for F . Let E be an indecomposable aCM bundle of rank 2 on F and let c1 := c1(E) =
α1h1 + α2h2. Assume that h
0
(
F, E
)
6= 0 and h0
(
F, E(−h)
)
= 0. Then:
(1) the zero locus E := (s)0 of a general section s ∈ H0
(
F, E
)
has pure codimension 2 in F ;
(2) 0 ≤ αi ≤ 2, i = 1, 2.
Theorem A for Φ. Let G be an indecomposable aCM bundle of rank 2 on Φ and let γ1 := c1(G) =
α1η1 + α2η2. Assume that h
0
(
Φ,G
)
6= 0 and h0
(
Φ,G(−η)
)
= 0. Then:
(1) the zero locus Σ := (σ)0 of a general section σ ∈ H0
(
Φ,G
)
has pure codimension 2 in Φ;
(2) 0 ≤ αi ≤ 2, i = 1, 2.
In Section 5 we provide a complete classification of bundles on F and Φ with first Chern class
c1 = 0, 2h, γ1 = 0, 2η respectively. Finally, in Section 6, we will determine which intermediate
cases are actually admissible.
We summarize the second main results in the following simplified statements (for expanded and
detailed statements on vector bundles on F and Φ see Theorems 5.2, 5.7, 6.4 and 5.1, 5.8, 6.5
respectively).
Theorem B for F . There exists an indecomposable and initalized aCM bundle E of rank 2 on F
with h0
(
F, E
)
6= 0, h0
(
F, E(−h)
)
= 0 and c1 = α1h1 + α2h2 if and only if (α1, α2) is one of the
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following, up to permutations:
(0, 0), (0, 1), (1, 2), (2, 2).
Moreover, denote by E the zero–locus of a general section of such an E. Then
(1) if α1 = α2 = 0, then E is a line and each line on F can be obtained in such a way;
(2) if α1 = 0, α2 = 1, then E is a line, E ∼= p∗2Ω
1
P2
(2h2) and each line on F can be obtained in
such a way;
(3) if α1 = 1, α2 = 2, then E is a, possibly reducible, quartic with arithmetic genus 0 and
E ∼= p∗1Ω
1
P2
(2h1 + h2);
(4) if α1 = α2 = 2, then E is a smooth elliptic normal curve of degree 8 in F ⊆ P
7 and each
such a curve in F can be obtained in this way.
Theorem B for Φ. There exists an indecomposable and initalized aCM bundle G of rank 2 on Φ
with h0
(
Φ,G
)
6= 0, h0
(
Φ,G(−η)
)
= 0 and γ1 = α1η1 + α2η2 if and only if (α1, α2) is one of the
following, up to permutations:
(0, 0), (0, 1), (1, 2), (2, 2).
Moreover, denote by Σ the zero–locus of a general section of such an G. Then
(1) if α1 = α2 = 0, then Σ is a plane and each plane on Φ can be obtained in such a way;
(2) if α1 = 0, α2 = 1, then Σ is a plane, G ∼= π∗2Ω
1
P2
(2η2) and each plane on Φ can be obtained
in such a way;
(3) if α1 = 1, α2 = 2, then Σ is a, possibly reducible, quartic surface and G ∼= π∗1Ω
1
P2
(2η1+η2);
(4) if α1 = α2 = 2, then Σ is a smooth del Pezzo surface of degree 8 in Φ ⊆ P
8 isomorphic to
the blow up of P2 at a point and each such a surface in Φ can be obtained in this way.
The study of (semi)stability of aCM bundles of rank 2 on F and Φ and of the moduli spaces of
such (semi)stable bundles will be the object of a future paper.
Throughout the whole paper we refer to [28] and [25] for all the unmentioned definitions, nota-
tions and results.
2. Some facts on aCM locally free sheaves
Throughout the whole paper k will denote an algebraically closed field of characteristic 0. Let
X ⊆ PN be a subvariety, i.e. an integral closed subscheme defined over k, of dimension n ≥ 1. We
set OX(1) := OPN (1)⊗OX . We start this section by recalling two important definitions.
The variety X ⊆ PN is called aCM if the restriction maps H0
(
P
N ,OPN (t)
)
→ H0
(
X,OX(t)
)
are surjective and hi
(
X,OX(t)
)
= 0, 1 ≤ i ≤ n− 1.
The variety X ⊆ PN is called arithmetically Gorenstein (aG for short) if it is aCM and α–
subcanonical, i.e. its dualizing sheaf satisfies ωX ∼= OX(αh) for some α ∈ Z.
In what follows X will be an aCM, integral and smooth subvariety of PN of dimension n ≥ 1.
Definition 2.1. Let F be a vector bundle on X . We say that F is arithmetically Cohen–Macaulay
(aCM for short) if the modules Hi∗
(
X,F
)
=
⊕
t∈ZH
i
(
X,F(t)
)
vanish for all i = 1, . . . , n− 1.
If F is an aCM bundle, then the minimal number of generators m(F) of H0∗
(
X,F
)
as a module
over the graded coordinate ring of X is rk(F) deg(X) at most (e.g. see [8]). The aCM bundles for
which the maximum is attained are called Ulrich bundles (see [9], Definition 2.1 and Lemma 2.2:
see also [8], Definition 3.4 which is slightly different).
Definition 2.2. Let F be a vector bundle on X . We say that F is initialized if
min{ t ∈ Z | h0
(
X,F(t)
)
6= 0 } = 0.
We say that F is Ulrich if it is initialized, aCM and h0
(
X,F
)
= rk(F) deg(X).
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Let F be an Ulrich bundle. On the one hand we know that m(F) = rk(F) deg(X). On the
other hand the generators of H0
(
X,F
)
are minimal generators of H0∗
(
X,F
)
due to the vanishing
of H0
(
X,F(−1)
)
. We conclude that F is necessarily globally generated. Several other results are
known for Ulrich bundles (e.g. see [18], [8], [9], [14]).
Let f be a global section of a rank 2 vector bundle F . In general its zero–locus (f)0 ⊆ X is
either empty or its codimension is at most 2. In this second case, we can always write (f)0 = C∪∆
where C has pure codimension 2 (or it is empty) and ∆ has pure codimension 1 (or it is empty).
In particular F(−∆) has a section f∆ vanishing on C, which is thus locally complete intersection
inside X . Moreover, the Koszul complex of f∆ twisted by OX(∆) is
(1) 0 −→ OX(∆) −→ F −→ IC|X(c1(F)−∆) −→ 0.
Moreover we also have the following exact sequence
(2) 0 −→ IC|X −→ OX −→ OC −→ 0.
The above construction can be reversed, because Hartshorne–Serre correspondence holds (for
further details see [35], [24], [1]).
Theorem 2.3. Let C ⊆ X be a local complete intersection subscheme of codimension 2 and L an
invertible sheaf on X such that H2
(
X,L∨
)
= 0. If det(NC|X) ∼= L⊗OC, then there exists a vector
bundle F of rank 2 on X such that:
(1) det(F) ∼= L;
(2) F has a section f such that C coincides with the zero locus (f)0 of f .
Moreover, if H1
(
X,L∨
)
= 0, the two conditions above determine F up to isomorphism.
From now on we will focus our attention on the del Pezzo fourfold Φ ⊆ P8 of degree 6 and its
general hyperplane section F ⊆ P7 which are both aCM varieties. The aim of the remaining part
of to inspect the relations among aCM bundles of ranks 1 and 2 on F and Φ.
As pointed out in the Introduction
A(Φ) ∼= Z[η1, η2]/(η
3
1 , η
3
2), A(F )
∼= Z[h1, h2]/(h
2
1 − h1h2 + h
2
2, h
3
1, h
3
2).
We recall the following representation of F . Let B ⊆ GL3 be the subgroup of upper triangular
matrices. The group B is mapped by the natural morphism GL3 → PGL3 onto the subgroup fixing
both the point [1, 0, 0] and the line { x2 = 0 }. It follows the existence of a natural isomorphism
F ∼= GL3 /B. Such a representation of F is particularly helpful, because it allows us to state the
following consequence of Borel–Weil–Bott Theorem (see [16],Theorem 2) in order to compute the
cohomology of the line bundles on F .
Theorem 2.4. If L ∈ Pic(F ), then hi
(
F,L
)
6= 0 for at most one i = 0, . . . , 3.
We have the following standard restriction exact sequence
0 −→ OΦ(α1η1 + α2η2 − η) −→ OΦ(α1η1 + α2η2) −→ OF (α1h1 + α2h2) −→ 0
for each OF (α1h1 + α2h2) ∈ Pic(F ). Since the cohomology of OΦ(α1η1 + α2η2) vanishes in odd
dimension thanks to Ku¨nneth formulas, it follows that
h1
(
F,OF (α1h1 + α2h2)
)
− h2
(
F,OF (α1h1 + α2h2)
)
=
= h2
(
Φ,OΦ(α1η1 + α2η2 − η
)
− h2
(
Φ,OΦ(α1η1 + α2η2)
)
.
Thanks to Theorem 2.4, only one among h1
(
F,OF (α1h1+α2h2)
)
and h2
(
F,OF (α1h1+α2h2)
)
in
non–zero, according to the sign of the second member of the equality above.
More precisely we have the following Proposition.
Proposition 2.5. For each α1, α2 ∈ Z with α1 ≤ α2, we have
hi
(
F,OF (α1h1 + α2h2)
)
6= 0
if and only if
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• i = 0 and α1 ≥ 0;
• i = 1 and α1 ≤ −2, α1 + α2 + 1 ≥ 0;
• i = 2 and α2 ≥ 0, α1 + α2 + 3 ≤ 0;
• i = 3 and α2 ≤ −2.
In all these cases
hi
(
F,OF (α1h1 + α2h2)
)
= (−1)i
(α1 + 1)(α2 + 1)(α1 + α2 + 2)
2
.
An helpful tool for summarizing the first part of the above proposition is the following picture
dealing with the subsets of the plane α1α2 whose points correspond to some non–zero cohomology
group of the sheaf OF (α1h1 + α2h2) (without restriction on α1 and α2).
✲x1
✻x2
❅
❅
❅
❅
❅
❅
❅
❅❅
❅
❅
❅
❅
❅
❅
❅
❅❅
x1 + x2 + 1 = 0
x1 = −2
h1 6= 0
h0 6= 0
x2 = −2
h3 6= 0
❅
❅
❅
❅
❅
❅
❅
❅❅
❅
❅
❅
❅
❅
❅
❅
❅❅
x1 + x2 + 3 = 0
h1 6= 0
h2 6= 0
h2 6= 0
Figure 1
The points corresponding to the direct summands of Hi∗
(
F,OF (α1h1 + α2h2)
)
lie on the line
through (α1, α2) and parallel to x1 − x2 = 0, hence the following two corollaries are immediate.
Corollary 2.6. If α1, α2 ∈ Z, then
H1∗
(
F,OF (α1h1 + α2h2)
)
6= 0 ⇔ H2∗
(
F,OF (α1h1 + α2h2)
)
6= 0.
Proof. Looking at Figure 1, one immediately checks that the line x2 = x1+ c intersects the subset
h1 6= 0 if and only if it intersects the subset h2 6= 0. 
The following second important corollary shows that initialized aCM (resp. Ulrich) line bundles
on F are exactly the restrictions of initialized aCM (resp. Ulrich) line bundles on Φ.
Corollary 2.7. If α1, α2 ∈ Z, then OF (α1h1+α2h2) is initialized and aCM if and only if (α1, α2)
is one of the following:
(0, 0), (0, 1), (1, 0), (0, 2), (2, 0).
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Moreover, OF (α1h1 + α2h2) is Ulrich if and only if (α1, α2) is one of the following:
(0, 2), (2, 0).
Proof. On the one hand the sheaf OF (α1h1 + α2h2) is initialized if and only if α1 and α2 are
non–negative and α1α2 = 0. On the other hand, looking at Figure 1, one checks that the line
x2 = x1 + c does not intersect the subsets h
1 6= 0 and h2 6= 0 if and only if −2 ≤ c ≤ 2. Thus the
first part of the statement follows.
The second part of the statement is an easy direct computation. 
The following remark will be used in the paper.
Remark 2.8. Let G be an aCM bundle of rank 2 on Φ and let E := G ⊗OF be its restriction. By
computing the cohomology of sequence
(3) 0 −→ G(−η) −→ G −→ E −→ 0
twisted by OΦ(tη) one checks that E is aCM too.
If G is initialized it is immediate to check that the same is true for E. Moreover the restriction
morphism induced by the inclusion F ⊆ Φ yields an isomorphism H0
(
Φ,G
)
∼= H0
(
F, E
)
. In this
isomorphism the zero loci of the corresponding sections σ ∈ H0
(
Φ,G
)
and s ∈ H0
(
F, E
)
satisfy
(s)0 = F ∩ (σ)0.
Conversely if E is initialized, the cohomology of Sequence (3) twisted by OΦ(tη) yields that
h0
(
Φ,G(tη)
)
= h0
(
Φ,G(−η)
)
when t ≤ −1. We conclude that h0
(
Φ,G(−η)
)
= 0. Moreover
h0
(
Φ,G
)
= h0
(
F, E
)
6= 0, because E is assumed to be initialized. It follows that also G is initialized.
Finally it also follows that G is Ulrich if and only if the same holds for E, because deg(Φ) =
deg(F ) and rk(G) = rk(E).
Let G be an initialized, aCM bundle of rank 2 on Φ. Thanks to the above remark, we know
that E := G ⊗ OF is initialized and aCM too. We will prove in the last part of this section that if
E is decomposable, then the same is true for G. To this purpose assume that E splits as a sum of
line bundles. Such line bundles are necessarily aCM and they are either both initialized or one of
them is initialized and the other one has no sections. In particular we can assume that
E ∼= OF (a2h2)⊕OF (b1h1 + b2h2)
where 0 ≤ a2 ≤ 2, |b1 − b2| ≤ 2 and at least one of the bi’s is not positive.
Twisting Sequence (3) by OΦ(−a2η2) we obtain sequence
(4) 0 −→ G(−η − a2η2) −→ G(−a2η2) −→ OF ⊕OF (b1h1 + (b2 − a2)h2) −→ 0
We first assume h1
(
F,OF ((t + b1)h1 + (t + b2 − a2)h2)
)
= 0 for each t ≤ −1. Hence the
cohomology of the above sequence twisted by OΦ(tη) implies the existence of surjective maps
H1
(
Φ,G(tη − a2η2)
)
։ H1
(
Φ,G((t+ 1)η − a2η2)
)
for each t ≤ −1. The vanishing h1
(
Φ,G(tη − a2η2)
)
= 0 for t ≪ −1, thus forces h1
(
Φ,G(tη −
a2η2)
)
= 0 for each t ≤ −1. It follows that h0
(
Φ,G(−a2η2)
)
= 1+h0
(
F,OF (b1h1+(b2−a2)h2)
)
6= 0.
If σ ∈ H0
(
Φ,G(−a2η2)
)
is a general section then we can write (σ)0 = Θ ∪ Ξ ⊆ Φ, where Θ has
pure codimension 2 (or it is empty) and Ξ is an effective divisor (or it is empty).
Consider the restriction morphism
ψ : H0
(
Φ,G(−a2η2)
)
→ H0
(
F,OF ⊕OF (b1h1 + (b2 − a2)h2)
)
.
The cohomology of Sequence (4) and the vanishing h1
(
Φ,G(−η − a2η2)
)
= 0 imply that ψ is
an isomorphism because we are assuming that G is initialized. Thus s := ψ(σ) ∈ H0
(
F,OF ⊕
OF (b1h1 + (b2 − a2)h2)
)
is general. We conclude that (σ)0 ∩ F = (s)0 = ∅. Thus (σ)0 = ∅ too. In
particular Sequence (1) for σ is
0 −→ OΦ −→ G(−a2η2) −→ OΦ(c1(G)− 2a2η2) −→ 0.
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Since it corresponds to an element of
Ext1Φ
(
OΦ(c1(G)− 2a2η2),OΦ
)
∼= H1
(
Φ,OΦ(2a2η2 − c1(G))
)
.
The last space is zero, due to Ku¨nneth formula, thus the sequence above splits, whence G ∼=
OΦ(a2η2)⊕OΦ(c1(G) − a2η2).
Now assume that there is at least one t ≤ −1 such that h1
(
F,OF ((t+b1)h1+(t+b2−a2)h2)
)
6= 0.
Only one case is actually admissible as the following lemma shows.
Lemma 2.9. Let a2, b1, b2 ∈ Z be such that 0 ≤ a2 ≤ 2, |b1 − b2| ≤ 2 and at least one of the bi’s
is not positive. There is t ≤ −1 such that h1
(
F,OF ((t+ b1)h1 + (t+ b2 − a2)h2)
)
6= 0, if and only
if a2 = 1, b1 = 2, b2 = 0 and t = −1.
Proof. Notice that b1, b2 ≤ 2 thanks to the hypothesis. One implication is trivial. Indeed if a2 = 1,
b1 = 2, b2 = 0 and t = −1, then h1
(
F,OF ((t+ b1)h1+ (t+ b2− a2)h2)
)
= 1 thanks to Proposition
2.5.
Let us now prove the opposite implication. Assume that h1
(
F,OF ((t+b1)h1+(t+b2−a2)h2)
)
6= 0
for some t ≤ −1.
Let b1 ≤ b2 − a2. by Proposition 2.5 above we have
t+ b1 ≤ −2, 2t+ b1 + b2 − a2 + 1 ≥ 0.
Hence
0 ≤ 2t+ b1 + b2 − a2 + 1 = (t+ b1) + t+ b2 − a2 + 1 ≤ b2 − a2 − 2 ≤ −a2 ≤ 0,
for t ≤ −1. Indeed we know that |b1−b2| ≤ 2, thus b2−2 ≤ b1. If b1 ≤ 0, then b2−2 ≤ 0. If b1 > 0,
then b2 ≤ 0 thanks to the hypothesis. We conclude that all the inequalities above must be actually
equalities, whence t = −1, t+ b1 = −2, b2 = 2, a2 = 0, thus b1 = −1. Since 3 = |b1 − b2| > 2, we
conclude that such a case cannot occur.
Let b1 > b2 − a2. As in the previous case we deduce that
t+ b2 − a2 ≤ −2, 2t+ b1 + b2 − a2 + 1 ≥ 0,
0 ≤ 2t+ b1 + b2 − a2 + 1 = (t+ b2 − a2) + t+ b1 + 1 ≤ b1 − 2 ≤ 0
whence t = −1, b1 = 2, t+ b2 − a2 = −2. Taking into account of the restrictions on a2 and b2 we
have either b2 = −1 and a2 = 0, or b2 = 0 and a2 = 1. Again the case b2 = −1 and a2 = 0 cannot
occur because 3 = |b1 − b2| > 2. 
From the above lemma we may assume that a2 = 1, b1 = 2, b2 = 0 i.e. E = OF (h2)⊕OF (2h1).
Notice that G∨(η) is indecomposable: it is also aCM by Serre’s duality, because ωΦ ∼= OΦ(−3η).
Moreover, in this case
G∨(η) ⊗OF ∼= E
∨(h) ∼= OF (h1)⊕OF (−h1 + h2)
is initialized, thus G∨(η) is also initialized. Now we can substitute G with G∨(η): since h1
(
F,OF (th−
2h1 + h2)
)
= 0 for each t ≤ −1, it follows that we can repeat almost verbatim (we only have to
permute the roles of η1 and η2) the first part of the above discussion, proving that G∨(η), hence
G, must be decomposable.
We summarize the above discussion in the following statement.
Theorem 2.10. If G is an initialized, indecomposable, aCM bundle of rank 2 on Φ, then G ⊗OF
is an initialized, indecomposable, aCM bundle of rank 2 on F .
Taking into account the above result, in what follows we will first deal with initialized, indecom-
posable, aCM bundles of rank 2 on F , giving their complete classification. Then we will use the
results obtained on F in order to classify also initialized, indecomposable, aCM bundles of rank 2
on Φ and viceversa.
8 G. CASNATI, D. FAENZI, F. MALASPINA
3. Theorem A: the lower bound
In this section we will find a bound from below for the first Chern class c1 := α1h1+α2h2 of an
indecomposable, initialized, aCM bundle E of rank 2 on F . Due to Theorem 2.10, such a bound
also holds for the first Chern class of each initialized indecomposable aCM bundle of rank 2 on Φ.
Lemma 3.1. Let E be an initialized aCM bundle of rank 2 on F . Then E∨(2h) is aCM and globally
generated.
Proof. Recall that ωF ∼= OF (−2h), thus Serre’s duality implies that E∨ is aCM. Moreover, we
have hi
(
F, E∨((2− i)h)
)
= h3−i
(
F, E((i − 4)h)
)
= 0, i = 1, 2, 3, thus E is 2–regular in the sense of
Castelnuovo–Mumford (see [33]), hence the second assertion follows. 
It follows that 4h− c1 = c1(E∨(2h)) is effective on F , whence αi ≤ 4. Moreover if α1, α2 ≥ 3,
then there would exists an injective morphism H0
(
F, E(2h − c1)
)
→ H0
(
F, E(−h)
)
. On the one
hand we know that the target space is zero. On the other hand H0
(
F, E(2h − c1)
)
6= 0 since
E(2h− c1) ∼= E∨(2h) is globally generated, a contradiction. Thus we can always assume α1 ≤ 2.
We first check that the zero–locus of each section of an indecomposable, initialized, aCM bundle
of rank 2 on F is non–empty.
Lemma 3.2. Let E be an indecomposable, initialized, aCM bundle of rank 2 on F . Then the zero
locus (s)0 of a section of E is non–empty.
Proof. We assume α1 ≤ α2. If (s)0 = ∅, then sequence (1) becomes
0 −→ OF −→ E −→ OF (c1) −→ 0.
The class of such an extension should be a non–zero element in H1
(
F,OF (−c1)
)
. Thanks to
Proposition 2.5, we deduce that α2 ≥ 2 and α1 + α2 ≤ 1, whence α1 ≤ −1. The cohomology of
the above sequence twisted by OF ((−2− α1)h) and Proposition 2.5 yields
h1
(
F, E((−2 − α1)h)
)
= h1
(
F,O(−2h1 + (−2 + α2 − α1)h2)
)
≥ 1.
We conclude that E would not be aCM, a contradiction. 
We know that for each non–zero s ∈ H0
(
F, E
)
we have (s)0 = E ∪ D where E has pure
codimension 2 (or it is empty) and D ∈ |δ1h1 + δ2h2| has pure codimension 1 (or it is empty).
Moreover at least one of them is non–empty thanks to Lemma 3.2. Sequence (1) for s thus becomes
0 −→ OF (D) −→ E −→ IE|F (c1 −D) −→ 0.
On the one hand, twisting Sequence (1) for s by OF (−h) and taking its cohomology, the van-
ishing of h0
(
F, E(−h)
)
implies h0
(
F,OF (D − h)
)
= 0. In particular we know that at least one of
the δi is zero.
On the other hand, twisting the same sequence by OF (2h−c1), using the isomorphism E(−c1) ∼=
E∨ and taking into account that E∨(2h) is globally generated (see Lemma 3.1), we obtain that
IE|F (2h−D) is globally generated too. Thus
0 6= H0
(
F, IE|F (2h−D)
)
⊆ H0
(
F,OF (2h−D)
)
,
hence δi ≤ 2, i = 1, 2. We conclude that (δ1, δ2) ∈ { (0, 0), (0, 1), (0, 2), (1, 0), (2, 0) }: in particular
OF (D) is aCM (see Corollary 2.7).
We will now prove that c1 − D is effective: hence the same holds for c1. We start with the
following lemma.
Lemma 3.3. Let E be an indecomposable, initialized, aCM bundle of rank 2 on F . Assume that
s ∈ H0
(
F, E
)
is such that (s)0 = E ∪ D where E has codimension 2 (or it is empty) and D has
codimension 1. If c1 −D is not effective, then E = ∅.
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Proof. Assume c1 −D is non–effective: thanks to Sequence (2) for s,
(5) h0
(
F, IE|F (c1 −D − th)
)
≤ h0
(
F,OF (c1 −D − th)
)
= 0
for each positive integer t. Taking into account that E and OF (D) are aCM and δi ≥ 0, the
cohomology of Sequence (1) for s yields also the vanishings
(6)
h1(F, IE|F (c1 −D − th)) = 0, t ∈ Z
h2(F, IE|F (c1 −D)) = h
3
(
F,OF (D)
)
= 0
h2(F, IE|F (c1 −D − h)) = h
3
(
F,OF (D − h)
)
= 0.
Finally, we also have
(7) h2
(
F, IE|F (c1 −D − 2h)
)
≤ h3
(
F,OF (D − 2h)
)
= h0
(
F,OF (−D)
)
≤ 1.
Assume E 6= ∅, whence deg(E) ≥ 1. Let H be a general hyperplane in P7. Define S := F ∩H
and Z := E ∩H , so that dim(Z) = 0. We have the following exact sequence
0 −→ IE|F (c1 −D − h) −→ IE|F (c1 −D) −→ IZ|S(c1 −D) −→ 0.
The cohomology of the above sequence, Equalities (5), (6) and Inequality (7) imply
h0
(
S, IZ|S(c1 −D)
)
= h1
(
S, IZ|S(c1 −D)
)
= 0,
h0
(
S, IZ|S(c1 −D − h)
)
= 0, h1
(
S, IZ|S(c1 −D − h)
)
≤ 1.
The above relations and the cohomology of Sequence
(8) 0 −→ IZ|S(c1 −D) −→ OS(c1 −D) −→ OZ −→ 0
give
(9) h1
(
S,OS(c1 −D)
)
= 0,
(10) h0
(
S,OS(c1 −D)
)
= h0
(
Z,OZ
)
= deg(Z) = deg(E).
The same relations as above and the cohomology of Sequence (8) twisted by OS(−h) also yield
h0
(
Z,OZ
)
≤ h0
(
S,OS(c1 −D − h)
)
− h1
(
S,OS(c1 −D − h)
)
+ 1.
Looking at the formulas for h0
(
Z,OZ
)
obtained above, we deduce the inequality
(11) 1 ≥ h0
(
S,OS(c1 −D)
)
− h0
(
S,OS(c1 −D − h)
)
+ h1
(
S,OS(c1 −D − h)
)
.
The remaining part of the proof is devoted to show that the aforementioned inequality leads to a
contradiction.
Set c1 −D := ǫ1h1 + ǫ2h2 and assume ǫ1 ≤ ǫ2. Obviously ǫ1 ≤ −1 because c1 −D is assumed
to be not effective. Thus the cohomology of sequence
(12) 0 −→ OF (c1 −D − h) −→ OF (c1 −D) −→ OS(c1 −D) −→ 0
and Equality (10) yield
1 ≤ deg(E) = h0
(
S,OS(c1 −D)
)
≤ h1
(
F,OF (c1 −D − h)
)
.
Hence Proposition 2.5 implies
h1
(
F,OF (c1 −D − h)
)
= −
ǫ1ǫ2(ǫ1 + ǫ2)
2
,
ǫ1 ≤ −1 and ǫ1 + ǫ2 ≥ 1, whence ǫ2 ≥ 2. Since E , hence E∨, is aCM and h0(F, IE|F (−D)) = 0, it
follows from the cohomology of sequence
0 −→ OF (D − c1) −→ E
∨ −→ IE|F (−D) −→ 0
that h1
(
F,OF (−ǫ1h1− ǫ2h2)
)
= h1
(
F,OF (D− c1)
)
= 0. Taking into account that −ǫ2 ≤ −ǫ1 and
ǫ2 ≥ 2 whence −ǫ2 ≤ −2, again by Proposition 2.5 we obtain
(13) ǫ1 + ǫ2 ≥ 2.
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Recall that ǫ1 − 2 ≤ −3: if ǫ1 + ǫ2 ≥ 3, then (ǫ1 − 2) + (ǫ2 − 2) + 1 ≥ 0, hence again Proposition
2.5 yields
h1
(
F,OF (c1 −D − 2h)
)
= −
(ǫ1 − 1)(ǫ2 − 1)(ǫ1 + ǫ2 − 2)
2
.
The same equality still holds when ǫ1 + ǫ2 = 2, because both the members of the equality above
are zero. Finally, Proposition 2.5 yields
h1
(
F,OF (c1 −D)
)
= −
(ǫ1 + 1)(ǫ2 + 1)(ǫ1 + ǫ2 + 2)
2
if ǫ1 ≤ −2. Again the same equality holds also for ǫ1 = −1, due to the vanishing of both the
members.
Notice that if ǫ1 ≤ −1 and ǫ1 + ǫ2 ≥ 2, then h
2
(
F,OF (c1 − D − 2h)
)
= 0 (Proposition 2.5).
Thus Equality (9) and the cohomology of sequence (12) yield
h0
(
S,OS(c1 −D)
)
= h1
(
F,OF (c1 −D − h)
)
− h1
(
F,OF (c1 −D)
)
,
h0
(
S,OS(c1 −D − h)
)
− h1
(
S,OS(c1 −D − h)
)
=
= h1
(
F,OF (c1 −D − 2h)
)
− h1
(
F,OF (c1 −D − h)
)
.
In particular, by substituting the above expressions in Inequality (11), we obtain
1 ≥ 2h1
(
F,OF (c1 −D − h)
)
− h1
(
F,OF (c1 −D)
)
− h1
(
F,OF (c1 −D − 2h)
)
.
Thus the expressions obtained above in terms of the ǫi’s for h
1
(
F,OF (c1 − D − th)
)
, t = 0, 1, 2,
and the Inequality (13) finally yield 1 ≥ 3(ǫ1+ ǫ2) ≥ 6, a contradiction. We conclude that if c1−D
is non–effective, then E = ∅. 
We conclude the section by proving the claimed effectiveness of c1 −D.
Proposition 3.4. If E is an indecomposable, initialized, aCM bundle of rank 2 on F , s ∈ H0
(
F, E
)
and D denotes the component of pure codimension 1 of (s)0, if any, then c1 ≥ c1 −D ≥ 0.
In particular, if c1 = 0, then the zero–locus of each section s ∈ H0
(
F, E
)
has pure codimension
2.
Proof. Let c1 −D := ǫ1h1 + ǫ2h2 be non–effective: we can assume ǫ1 ≤ −1. The previous Lemma
implies E = ∅ whence IE|F ∼= OF . Sequence (1) thus becomes
0 −→ OF (D) −→ E −→ OF (c1 −D) −→ 0.
Recall that (δ1, δ2) ∈ { (0, 0), (0, 1), (0, 2), (1, 0), (2, 0) }. The cohomology of the above sequence
twisted by OF (th) and Corollary 2.7 imply
0 = h1
(
F, E(th)
)
= h1
(
F,OF (c1 −D + th)
)
, t ∈ Z.
Moreover the above sequence does not split because E is assumed to be indecomposable, hence
H1(F,OF (2D − c1)) ∼= Ext
1
F
(
OF (c1 −D),OF (D))
)
6= 0.
We have 2D − c1 ∈ |(δ1 − ǫ1)h1 + (δ2 − ǫ2)h2|. Since δi ≥ 0, i = 1, 2, and ǫ1 ≤ −1, it follows that
δ1− ǫ1 ≥ 1. Proposition 2.5 thus gives δ2− ǫ2 ≤ −2, whence ǫ2 ≥ 2. We conclude that ǫ2− ǫ1 ≥ 3.
If we take t := −2− ǫ1, then c1 −D+ th = −2h1+ (ǫ2 − ǫ1 − 2)h2, hence again Proposition 2.5
implies h1
(
F,OF (c1 −D + th)
)
6= 0, a contradiction. 
4. Theorem A: the upper bound and zero–loci of general sections
In this section we will find a bound from above for the first Chern class c1 = α1h1+α2h2 of an
indecomposable, initialized, aCM bundle E of rank 2 on F . To this purpose, from now on we will
assume that the second Chern class of E is c2 := β1h22 + β2h
2
1.
If ω2 is the second Chern class of the sheaf Ω
1
F , Riemann–Roch theorem yields
(14) χ(E) = 2 +
1
6
(c31 − 3c1c2)−
1
2
(c21h− 2c2h) +
1
12
(4c1h
2 + ω2c1).
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Easy computations yield
c31 = 3(α
2
1α2 + α1α
2
2),
c21h = α
2
1 + 4α1α2 + α
2
2,
c1h
2 = 3(α1 + α2).
Recall that p1 is isomorphic to the canonical map P(Ω
1
P2
(2))→ P2, hence it is smooth. In particular
we have the two exact sequences
0 −→ Ω1F |P2 −→ p
∗
1Ω
1
P2
(2)⊗OF (−h2) −→ OF −→ 0,
0 −→ p∗1Ω
1
P2
−→ Ω1F −→ Ω
1
F |P2 −→ 0
Another Chern class computation thus gives ω2 = 6h1h2, hence ω2c1 = 6(α1 + α2).
We have hi
(
F, E∨(−h)
)
= h3−i
(
F, E(−h)
)
= 0 for i ≥ 1. Since
h0
(
F, IE|F (−D − h)
)
≤ h0
(
F,OF (−D − h)
)
= 0
(see Sequence (2)), it follows that
χ
(
E∨(−h)
)
= h0
(
F, E∨(−h)
)
= h0
(
F,OF (D − c1 − h)
)
= 0
(due to sequence (1) and to the effectiveness of c1−D proved in Proposition 3.4). Such an equality,
Formula (14) for E∨(−h) and Equalities (4) yield
(15) c1c2 = α1β1 + α2β2 = α
2
1α2 + α1α
2
2.
We also have hi
(
F, E∨
)
= h3−i
(
F, E(−2h)
)
= 0, for i ≥ 1. If D = 0, then E 6= ∅, hence
h0
(
F, IE|F
)
= h0
(
F, IE|F (−D)
)
= 0. If D 6= 0, then
h0
(
F, IE|F (−D)
)
≤ h0
(
F,OF (−D)
)
= 0.
Let
e(c1, D) :=
{
0 if D 6= c1,
1 if D = c1.
Since (s)0 6= ∅, it follows that
χ(E∨) = h0
(
F, E∨
)
= h0
(
F,OF (D − c1)
)
= e(c1, D)
Combining as above Sequences (2), (1) and Formulas (14) for E∨ and (15), we finally obtain
(16) hc2 = β1 + β2 = 2 +
1
2
(
α21 + 4α1α2 + α
2
2 − 3α1 − 3α2
)
− e(c1, D).
Lemma 4.1. Let E be a vector bundle of rank 2 on F and s ∈ H0
(
F, E
)
a section such that
E := (s)0 has pure codimension 2. Then
deg(E) = hc2, pa(E) =
1
2
c1c2 − hc2 + 1.
Proof. The result was proved in [11] (see Lemma 2.1) when F ∼= P1 × P1 × P1. The same proof
holds verbatim also in this case, because it only depends on the isomorphism ωF ∼= OF (−2h). 
Assume that E 6= ∅. Its class in A2(F ) is c2(E(−D)) = c2 − c1D +D2. Since |hi|, i = 1, 2 is
base–point–free on F , D ≥ 0 and c1 −D is effective (see Proposition 3.4), it follows that
(17) βi ≥ βi − hi(c1 −D)D = hic2 − hi(c1 −D)D = hic2(E(−D)) ≥ 0, i = 1, 2.
Proposition 4.2. If E is an indecomposable, initialized, aCM bundle of rank 2 on F , then 2h−c1 ≥
0.
Moreover, if equality holds, then E is Ulrich, hence the zero–locus E := (s)0 of a general section
s ∈ H0
(
F, E
)
is a smooth elliptic curve of degree 8.
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Proof. We distinguish two cases according to whether E is regular in the sense of Castelnuovo–
Mumford or not.
In the latter case we infer h0
(
F, E∨(h)
)
= h3
(
F, E(−3h)
)
6= 0 because E is aCM. Thus, if t ∈ Z
is such that E∨(th) is initialized, we know that t ≤ 1. Since E∨(th) is aCM too, we know that
2th− c1 = c1(E∨(th)) is effective for some t ≤ 1, due to Proposition 3.4. We conclude that 2h− c1
is effective too.
Let E be regular, whence globally generated. Thus the zero–locus E := (s)0 of a general section
s ∈ H0
(
F, E
)
is a smooth curve: in particular its divisorial part D is zero. Let α1 ≤ α2: we already
know that 0 ≤ α1 ≤ 2 and α2 ≤ 4. We are interested in the cases α2 = 3, 4, so that c1 6= 0.
We have hi
(
F, E∨(h)
)
= h3−i
(
F, E(−3h)
)
= 0, i = 0, 1, 2, 3, because E is aCM, regular and
initialized. Combining the above remarks with equality (14), Formulas (15), (16) and the vanishing
of e(c1, D) (recall that c1 6= 0 and D = 0), we finally obtain
0 = χ(E∨(h)) = 12− 3α1 − 3α2.
Thus (α1, α2) ∈ { (1, 3), (0, 4) }.
If c1 = h1 + 3h2, then Formulas (16) and (15) give
β1 + β2 = hc2 = 7, c1c2 = β1 + 3β2 = 12.
subtracting the two equation each other we obtain 2β2 = 5, a contradiction: thus such a case
cannot occur.
We will now prove that if c1 is 4h2, then E splits as sum of invertible sheaves, thus such a case
cannot occur too. Equalities (15), (16) and the Inequalities (17) force c2 = 4h
2
2. Lemma (4.1)
implies deg(E) = 4 and pa(E) = −3.
Recall that for each pair of curves C′ and C′′ without common components, the arithmetic
genera of C′, C′′ and C′ ∪ C′′ satisfy the equality
pa(C
′ ∪C′′) = pa(C
′) + pa(C
′′) + c− 1
where c is the degree of the intersection C′ ∩ C′′. It follows that E, being smooth, is necessarily
the union of 4 pairwise skew lines whose cycle in A2(F ) is h22 (indeed it is easy to check that the
class of each line on F is either h21, or h
2
2).
Consider the projection p2 : F ∼= P(Ω1P2(2)) → P
2 and let Γ := p2(E) ⊆ P2. The scheme Γ
is a set of 4 pairwise distinct points and p∗2IΓ|P2
∼= IE|F . Since F ∼= P(Ω
1
P2
(2)), it follows that
p2∗OF (h1) ∼= Ω1P2(2). Moreover OF (h2) = p
∗
2OP2(1), hence
h0
(
P
2, IΓ|P2(2)⊗ Ω
1
P2
(1)
)
= h0
(
P
2, IΓ|P2(1)⊗ Ω
1
P2
(2)
)
=
= h0
(
P
2, IΓ|P2 ⊗ Ω
1
P2
(2)⊗ p2∗OF (h2)
)
=
= h0
(
F, p∗2IΓ|P2 ⊗OF (h1)⊗OF (h2)
)
= h0
(
F, IE|F (h)
)
.
In order to compute such a last dimension we use the cohomology of Sequence (1) twisted byOF (h−
4h2). Thanks to Proposition 2.5 we have h
0
(
P
2, IE|F (h)
)
= h0
(
P
2, E∨(h)
)
= h3
(
P
2, E(−3h)
)
,
which is zero because we are assuming E regular.
The points of Γ are either in general position, or three of them lie on a line not containing the
fourth one, or they are aligned.
In the first case, we have the Koszul resolution
(18) 0 −→ OP2(−2) −→ O
⊕2
P2
−→ IΓ|P2(2) −→ 0,
We have both Sequence (1) and the pull back of the Koszul resolution above via p∗2, i.e.
0 −→ OF −→ E −→ IE|F (4h2) −→ 0,
0 −→ OF −→ OF (2h2)
⊕2 −→ IE|F (4h2) −→ 0,
(we used the isomorphisms p∗2IΓ|P2
∼= IE|F and p
∗
2OP2(1)
∼= OF (h2) in order to obtain the sec-
ond sequence). We conclude by observing that Theorem 2.3 yields E ∼= OF (2h2)⊕2, because
h1
(
F,OF (−4h2)
)
= 0 (again by Proposition 2.5).
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In the second case, up to a proper linear change of coordinates, we can assume that the ho-
mogeneous ideal of Γ is (x0x1, x0x2, x1x2(x1 − x2)): it follows the existence of a resolution of the
form
0 −→ OP2(−1)⊕OP2(−2) −→ O
⊕2
P2
⊕OP2(−1) −→ IΓ|P2(2) −→ 0,
Consider Beilinson Theorem in its second form (see [27], Proposition 8.28). Using the above
sequence, Bott formulas and the vanishing h0
(
P
2, IΓ|P2(2)⊗Ω
1
P2
(1)
)
= 0, we see that the only non
zero terms are
E0,01 = H
0
(
P
2, IΓ|P2(2)⊗OP2
)
⊗OP2 ∼= O
⊕2
P2
,
E−2,11 = H
1
(
P
2, IΓ|P2(2)⊗OP2(−1)
)
⊗OP2(−2) ∼= OP2(−2).
Since Beilinson spectral sequence abuts to
Er,s∞
∼=
{
IΓ|P2(2) if r + s = 0,
0 if r + s 6= 0,
Thus we would have an exact sequence analogous to Sequence (18). In particular, E would be the
complete intersection of two conics, a contradiction.
Finally, in the third case we have the exact sequence
0 −→ OP2(−3) −→ OP2(1)⊕OP2(−2) −→ IΓ|P2(2) −→ 0.
It is immediate to check that h0
(
P
2, IΓ|P2(1)⊗ Ω
1
P2
(2)
)
= 3. Thus this case cannot occur. 
In order to complete the proof of Theorem A stated in the introduction, we have only to show
that if E is an indecomposable, initialized, aCM bundle, then its general section vanishes exactly
along a curve. To this purpose we assume α1 ≤ α2: thanks to Propositions 3.4 and 4.2 we can
assume that c1 6= 0, 2h, hence we restrict our attention to the cases (0, 1), (0, 2), (1, 1), (1, 2).
Let s ∈ H0
(
F, E
)
be a general section and assume that satisfies (s)0 = E ∪ D where E has
codimension 2 (or it is empty) and D ∈ |δ1h1+ δ2h2| is non–zero. We already know that (δ1, δ2) ∈
{ (0, 1), (0, 2) } up to permutations. For each value of (α1, α2) and (δ1, δ2) such that c1 −D ≥ 0
we can compute hc2 and c1c2 with the help of Equalities (16) and (15), hence also (β1, β2). Taking
into account that c2(E(−D)) is the class of E inside A2(F ) we are finally able to write down the
following table.
(α1, α2) (δ1, δ2) e(c1 −D) hc2 c1c2 (β1, β2) E
(0, 1) (0, 1) 1 0 0 (0, 0) ∅
(0, 2) (0, 1) 0 1 0 (1, 0) ∅
(0, 2) (0, 2) 1 0 0 (0, 0) ∅
(1, 1) (0, 1) 0 2 2 (1, 1) ∅
(1, 1) (0, 1) 0 2 2 (2, 0) h22 − h
2
1
(1, 1) (0, 1) 0 2 2 (0, 2) −h22 + h
2
1
(1, 2) (0, 1) 0 4 6 (2, 2) h21
(1, 2) (0, 2) 0 4 6 (2, 2) ∅
(1, 2) (1, 0) 0 4 6 (2, 2) ∅
We know that D and c1 −D are effective on F , thus globally generated. Moreover Proposition
2.5 implies h1
(
F,OF (D)
)
= 0. If E = ∅, then IE|F (c1 − D) ∼= OF (c1 − D). thus Sequence (1)
would imply that E should be globally generated. But if this were the case, then the general section
of E would vanish along a curve, contradicting the initial hypothesis.
In the sixth case, we would have Eh2 = −1, which is absurd, because the linear system |h2|
is base–point–free. Thus the sixth case cannot occur. A similar argument shows that also the
seventh case cannot occur as well.
We conclude that only the fifth case is possible. We have the following exact Koszul resolution
0 −→ OF −→ OF (h1)
⊕2 −→ IE|F (2h1) −→ 0.
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It follows that IE|F (h) is globally generated. Sequence (1) would imply that E should be globally
generated because c1 −D = h and h1
(
F,OF (h2)
)
= 0. But we already checked that this leads to
a contradiction, hence such a case cannot occur.
We summarize the above discussion in the following statement.
Lemma 4.3. If E is an indecomposable, initialized, aCM bundle of rank 2 on F , then the zero–locus
(s)0 of a general section s ∈ H0
(
F, E
)
has pure codimension 2.
We are now able to give the proofs of Theorems A stated in the introduction.
Proofs of Theorems A for F and Φ. Propositions 3.4, 4.2 and Lemma 4.3 prove Theorem A for F .
Now we turn our attention to an initialized, indecomposable, aCM bundle G of rank 2 on Φ with
first Chern class γ1 = α1η1+α2η2. Thanks to Theorem 2.10 the bundle E := G ⊗OF is initialized,
indecomposable and aCM of rank 2: taking into account of Remark 2.8 and that its first Chern
class is c1 = α1h1 + α2h2, also Theorem A for Φ is completely proved. 
5. The extremal cases
In this section we will analyze and characterize the rank 2 bundles on F and Φ whose first Chern
class is extremal, i.e. either 0, or 2h, or 2η.
Let G be an indecomposable, initialized, aCM vector bundle of rank 2 on Φ and let us denote
by γ1 and γ2 its Chern classes. If γ2 = µ1η
2
2 + µ2η
2
1 + µ3η1η2, then the restriction E := G ⊗ OF
satisfies c2 = (µ1 + µ3)h
2
2 + (µ2 + µ3)h
2
1. Let Σ and E be the zero loci of general sections of G and
E respectively. Thanks to Lemma 4.3, E has codimension 2 inside F , hence the same is true for
Σ, by Remark 2.8. In this case the class of Σ in A2(Φ) is γ2 so that
deg(Σ) = γ2η
2 = µ1 + µ2 + 2µ3 ≥ 0.
Moreover |ηi| is base–point–free for i = 1, 2, whence
(19) µ1 = γ2h
2
1 ≥ 0, µ2 = γ2h
2
2 ≥ 0, µ3 = γ2h1h2 ≥ 0.
Let γ1 = 0. We know that the zero–locus Σ := (σ)0 of a general section σ ∈ H0
(
Φ,G
)
has
codimension 2 inside Φ. Formula (16) and Lemma 4.1 give that E, the hyperplane section of Σ, is
a line, thus Σ is a plane. Then looking at the second Chern class c2 of E , either µ1 or µ2 is 1, µ3
being zero. Hence the cycle of Σ in A2(Φ) is either η21 or η
2
2 .
Conversely, take a plane Σ ⊆ Φ. Since deg(Σ) = 1 we can assume that its cycle in A2(Φ)
is η22 . We know that ωΣ
∼= OΣ(−3η). Since ωΦ ∼= OΦ(−3η), it follows that det(NΣ|Φ) ∼= OΣ by
adjunction formula on Φ. Theorem 2.3 with L := OΦ yields the existence of a unique vector bundle
G of rank 2 fitting into a sequence of the form
0 −→ OΦ −→ G −→ IΣ|Φ −→ 0.
Hence h1
(
Φ,G(tη)
)
≤ h1
(
Φ, IΣ|Φ(tη)
)
, t ∈ Z. From the cohomology of the exact sequence
0 −→ IΦ|P8 −→ IΣ|P8 −→ IΣ|Φ −→ 0
and the vanishing h1
(
Φ, IΣ|P8(t)
)
= h2
(
Φ, IΦ|P8(t)
)
= 0 (recall that both Σ and Φ are aCM),
it follows that h1
(
Φ, IΣ|Φ(tη)
)
= 0, i.e. h1
(
Φ,G(tη)
)
= 0. A similar computation shows that
h2
(
Φ,G(tη)
)
= 0 too.
Finally γ1 = 0, whence G∨ ∼= G, thus Serre’s duality also yields h3
(
Φ,G(tη)
)
= 0. We conclude
that G is an aCM bundle and it is trivial to check that G is initialized.
If G were decomposable, then G ∼=M⊕M−1 because γ1 = 0. Thus η22 = γ2 = −c1(M)
2. But
if c1(M) = m1η1 +m2η2, then c1(M)2 = m21η
2
1 +m
2
2η
2
2 + 2m1m2η1η2 which cannot coincide with
−η22 .
Theorem 5.1. Let G be an indecomposable, initialized, aCM bundle of rank 2 on Φ with γ1 = 0.
Then γ2 = η
2
2 up to permutation of the ηi’s.
Conversely, there exists an indecomposable, initialized, aCM bundle G of rank 2 on Φ with Chern
classes γ1 = 0 and γ2 = η
2
2.
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Moreover the zero–locus of a general section of G is a plane and each plane on Φ can be obtained
in such a way.
An analogous statement holds for F .
Theorem 5.2. Let E be an indecomposable, initialized, aCM bundle of rank 2 on F with c1 = 0.
Then c2 = h
2
2 up to permutation of the hi’s.
Conversely, there exists an indecomposable, initialized, aCM bundle E of rank 2 on F with Chern
classes c1 = 0 and c2 = h
2
2.
Moreover the zero–locus of a general section of E is a line and each line on F can be obtained
in such a way.
Proof. The only change is in the proof of the indecomposability of E . Indeed in this case h1h2 =
h21+h
2
2, thus we have to verify that (m
2
1+2m1m2)h
2
1+(2m1m2+m
2
2)h
2
2 = −h
2
2 cannot hold, which
is a trivial computation. 
Besides the above general construction via codimension 2 subschemes of F , we can also obtain
examples of initialized, indecomposable aCM bundles with c1 = 0 (and γ1 = 0) by means of an
interesting alternative construction via suitable pull–backs.
Example 5.3. Let E be any bundle defined by the exact sequence
0 −→ OF (−h2) −→ OF ⊕ p
∗
2Ω
1
P2
(1) −→ E −→ 0
(e.g. E is the pullback on F via p2 of the restriction to a linear P2 of a null correlation bundle on
P
3). Hence E is initialized, indecomposable and aCM on F with c1 = 0 and c2 = h22.
Obviously a similar construction can be repeated on Φ obtaining an initialized, indecomposable,
aCM bundle with γ1 = 0 and γ2 = η
2
2 .
Now we turn our attention to the case c1 = 2h. We first characterize such bundles in terms of
the zero–locus of their general sections.
Assume that an indecomposable, initialized, aCM bundle E of rank 2 with c1 = 2h exists on F .
Proposition 4.2 guarantees that E is Ulrich and that the zero–locus E := (s)0 of a general section
s ∈ H0
(
F, E
)
is a smooth curve inside F .
Using Sequence (1) we obtain that h1
(
F, IE|F
)
= h1
(
F, IE|F (h)
)
= h0
(
F, IE|F (h)
)
= 0, whence
both h0
(
E,OE
)
= 1 and E is linearly normal and non–degenerate (use Sequence (2)). Moreover,
combining Lemma 4.1 and Formulas (16), (15), we obtain deg(E) = hc2 = 8, pa(E) = 1. We
conclude that we can assume E to be a non–degenerate, irreducible, smooth, elliptic curve of
degree 8, i.e. an elliptic normal curve.
Conversely, let E be an elliptic normal curve on F . We know by adjunction that OE ∼= ωE ∼=
det(NE|F ) ⊗ OF (−2h). The invertible sheaf OF (2h) satisfies the vanishing of the Theorem 2.3,
thus E is the zero locus of a section s of a vector bundle E of rank 2 on F with c1 = 2h and the
class of E in A2(F ) is c2.
Computing the cohomology of Sequence 1 twisted by OF (−h), we infer that E is initialized,
being E non–degenerate. We now prove that it is also aCM.
Due to Proposition 1.1 and Corollary 2.2 of [13], E is aCM, then h1
(
F, IE|P7(t)
)
= 0. The
threefold F is aCM, whence h2
(
F, IF |P7(t)
)
= 0. Taking the cohomology of sequence
0 −→ IF |P7 −→ IE|P7 −→ IE|F −→ 0,
it also follows that h1
(
F, IE|F (th)
)
= 0. The twisted cohomology of the Sequence (1) yields
h1
(
F, E(th)
)
= 0. Such a vanishing also implies h2
(
F, E(th)
)
= 0 by Serre’s duality. We conclude
that E is aCM. Thanks to Proposition 4.2 we also know that E is Ulrich. Thus elliptic normal
curves on F correspond to Ulrich bundles on F with c1 = 2h.
We deal with the possible values of c2. Notice that the linear system |hi| on F has dimension 2
(see Proposition 2.5). Let Di ∈ |hi| be general. The cohomology of the exact sequence
0 −→ OF (h− hi) −→ OF (h) −→ ODi(h) −→ 0
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yields h0
(
Di,ODi(h)
)
= 5, thus Di spans a space of dimension 4 in P
7. Since E is non–degenerate,
we know that the restriction to E of |hi| has dimension at least 2. Since E is elliptic, it follows that
its degree, which is βi, is greater than 3, thanks to Riemann–Roch theorem on the curve E. We
conclude that the possible cases for (β1, β2) are (3, 5), (4, 4) up to permutations, i.e. the bundle E
has c2 equal to either 3h
2
2 + 5h
2
1, or 4h
1
1 + 4h
2
1.
Both the cases actually occur and we will prove such an assertion in the two following examples.
Example 5.4. Proposition 2.5 implies Ext1F
(
OF (2h1),OF (2h2)
)
∼= H1
(
OF (−2h1 + 2h2)
)
∼= k⊕3.
In particular we obtain a family of indecomposable rank two Ulrich bundles on F given by the
non–trivial extensions
0 −→ OF (2h2) −→ E −→ OF (2h1) −→ 0.
We have c1(E) = 2h and c2(E) = 4h1h2 = 4h22 + 4h
2
1.
We notice that the above construction cannot be extended on Φ: indeed Ku¨nneth formulas
imply that h1
(
Φ,L
)
= 0 for each line bundle L ∈ Pic(Φ).
Example 5.5. As pointed out in [15], Notation 3.8, a non–empty family MΦ of initialized, inde-
composable, Ulrich bundles of rank 2 is defined inside the moduli space of stable vector bundles of
rank 2 on Φ with Chern classes γ1 = 2η, γ2 = η
2
2 + 3η
2
1 + 2η1η2. The elements of MΦ fit into an
exact sequence
(20) 0 −→ G → OΦ(2η1 + η2)
⊕4 −→ OΦ(3η1 + η2)
⊕2 −→ 0.
Thanks to Theorem 2.10 E := G ⊗ OF is an initialized, indecomposable Ulrich bundle on F :
moreover c1 = 2h and c2 = 3h
2
2 + 5h
2
1. It follows the existence of a non–empty family MF
of initialized, indecomposable Ulrich bundles of rank 2 inside the moduli space of stable vector
bundles of rank 2 on F with such Chern classes. The restriction map MΦ → MF is thus a
morphism, which is surjective by construction.
Claim 5.6. The above restriction map is actually birational.
To prove the above claim, it suffices to check that such a map is injective. To this purpose we
first prove that if G, G′ are bundles in MΦ, then each morphism u : G ⊗ OF → G′ ⊗ OF can be
lifted to a morphism v : G → G′, i.e. that the natural map H0
(
Φ,G∨⊗G′
)
→ H0
(
F,G∨⊗G′⊗OF
)
is surjective. Taking into account the cohomology standard restriction sequence of Φ
0 −→ G∨ ⊗ G′(−η) −→ G∨ ⊗ G′ −→ G∨ ⊗ G′ ⊗OF −→ 0
it suffices to check that h1
(
Φ,G∨ ⊗ G′(−η)
)
= 0.
Let us consider the dual of Sequence (20) tensored by G′(−η), i.e.
0 −→ G′(−4η1 − 2η2)
⊕2 −→ G′(−3η1 − 2η2)
⊕4 −→ G∨ ⊗ G′(−η) −→ 0.
It follows from Sequence (20) for G′ that h2
(
Φ,G′(−4η1 − 2η2)
)
= h1
(
Φ,G′(−3η1 − 2η2)
)
= 0, we
obtain h1
(
Φ,G∨ ⊗ G′(−η)
)
= 0.
Now assume that u is an isomorphism. Thus
det(v) ∈ H0
(
Φ, det(G∨)⊗ det(G′)
)
∼= H0
(
Φ,OΦ
)
∼= k,
because G and G′ have the same first Chern class. Since the restriction to F of det(v) is exactly
det(u) which must be non–zero, being u an isomorphism, it follows that det(v) is non–zero too,
hence v is an isomorphism.
Theorem 5.7. Let E be an indecomposable, initialized, aCM bundle of rank 2 on F with c1 = 2h.
Then c2 is either 3h
2
2 + 5h
2
2, or 4h
2
2 + 4h
2
1 up to permutation of the hi’s.
Conversely, for each such a c2, there exists an indecomposable, initialized, aCM bundle E of
rank 2 on F with Chern classes c1 = 2h and c2.
Moreover each such a bundle E is Ulrich, the zero–locus of a general section of E is an elliptic
normal curve and each elliptic normal curve on F can be obtained in this way unless it is the
complete intersection of two divisors in |2h2| and |2h1| (such a case can occur only if c2 = 4h22 +
4h21 = 4h1h2).
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Proof. Examples 5.4 and 5.5 prove the existence of the bundles. The remaining part of the proof
follows from the discussion after Example 5.3. 
We will now focus our attention on the analogous problem of classifying indecomposable, ini-
tialized, aCM bundles G of rank 2 on Φ with γ1 = 2η and γ2 = µ1η22 + µ2η
2
1 + µ3η1η2. As pointed
out at the beginning of this section, G ⊗OF is an indecomposable, initialized, aCM bundle of rank
2 on F with c1 = 2h and c2 = (µ1 + µ3)h
2
2 + (µ2 + µ3)h
2
1. Hence (µ1 + µ3, µ2 + µ3) is either (3, 5)
or (4, 4) by Theorem 5.7.
Theorem 5.8. Let G be an indecomposable, initialized, aCM bundle of rank 2 on Φ with γ1 = 2η.
Then γ2 = η
2
2 + 3η
2
1 + 2η1η2 up to permutation of the hi’s.
Conversely, there exists an indecomposable, initialized, aCM bundle G of rank 2 on Φ with Chern
classes γ1 = 2η and γ2 = η
2
2 + 3η
2
1 + 2η1η2.
Moreover each such a bundle G is Ulrich, the zero–locus of a general section of G is a del Pezzo
surface of degree 8 isomorphic to the blow up F1 of P
2 at a point and each del Pezzo surface of
degree 8 on Φ can be obtained in this way unless it is the complete intersection of two divisors in
|2η2| and |2η1| (such a case can occur only if γ2 = 4η1η2).
Proof. The claimed existence follows from Example 5.5.
In order to complete the proof of the statement, we preliminary observe that if γ1 = 2η, then
G is Ulrich, hence its general section vanishes on a smooth surface Σ whose class in A2(Φ) is
γ2 = µ1η
2
2 + µ2η
2
1 + µ3η1η2. Recall that (µ1 + µ3, µ2 + µ3) can be assumed either (3, 5), or (4, 4).
The same argument used for elliptic curves on F shows that Σ ⊆ P8 is non–degenerate. Re-
stricting Sequence (1) for Σ (which is a Koszul complex) to Σ itself we obtain that G⊗OΣ ∼= NΣ|Φ.
Adjunction formula finally yields ωΣ ∼= OΣ(−η). We conclude that Σ is a del Pezzo surface embed-
ded anticanonically in P8, thus its degree is 8. Looking at the classification of del Pezzo surfaces
we know that Σ is isomorphic to either Q := P1 × P1, or F1 := P(OP1 ⊕ OP1(−1)). Conversely,
again imitating the argument used for elliptic curves on F , recalling that each del Pezzo surface
and each del Pezzo sextic fourfold in P8 are aCM, it is also possible to prove that each del Pezzo
surface Σ ⊆ Φ is the zero locus of an Ulrich bundle G of rank 2 on Φ with γ1 = 2h. Thus, in order
to prove the statement it suffices to deal with the possible embeddings Σ ⊆ Φ.
We start from the case Σ ∼= F1. Recall that Pic(F1) is freely generated by divisors ℓ and m such
that ℓ2 = −1, m2 = 0 and ℓm = 1. Let Σ ⊆ Φ be any smooth del Pezzo octic surface isomorphic
to F1 in the class γ2.
Each morphism ϕ : F1 → Φ induces, by compositions with the two natural projections Φ→ P2,
maps ϕi : F1 → P2. In particular we know that ϕ∗OΦ(ηi) ∼= ϕ∗iOP2(1)
∼= OF1(aiℓ+bim) for suitable
integers ai, bi. We thus have ϕ
∗OΦ(η) ∼= OF1((a1 + a2)ℓ + (b1 + b2)m).
Since OF1(aiℓ + bim) is effective, it follows that ai and bi are non–negative. Moreover the
embedding Σ ⊆ P8 is anticanonical, thus a1 + a2 = 2 and b1 + b2 = 3. We have µi = η2iΣ =
(aiℓ+ bim)
2 = ai(2bi − ai), i = 1, 2.
Let us first examine the case µ1 + µ3 = µ2 + µ3 = 4. If a1 = a2 = 1, then 2bi − 1 = µi must be
odd. Moreover
2µ3 = 8− µ1 − µ2 = 10− 2b1 − 2b2 = 10− 6 = 4.
We conclude that µ1 = µ2 = µ3 = 2, a contradiction. If a1 = 0 and a2 = 2, then µ1 = 0, whence
µ2 = 0 and µ3 = 4. The equality 2(2b2− 2) = µ2 = 0 thus yields b2 = 1. The morphism ϕ2 should
be thus defined by three sections of OF1(2ℓ+m) without common zeros, which is absurd, because
all such sections vanish identically on ℓ. A similar argument holds in the case a1 = 2 and a2 = 0.
Now we examine the second case µ1 + µ3 = 3, µ2 + µ3 = 5. Taking into account of the listed
constraints, arguing as above it is not difficult to check that a1 = a2 = b1 = 1 and b2 = 2. It
follows that µ1 = 1, µ2 = 3, µ3 = 2, i.e. γ2 = η
2
2 + 3η
2
1 + 2η1η2.
Notice that each bundle G with such a γ2 is, necessarily, indecomposable. Indeed, if G ∼= L1⊕L2
for some Li ∈ Pic(Φ), then Li is aCM. Either both the Li are initialized or one of them is initialized
18 G. CASNATI, D. FAENZI, F. MALASPINA
and the other one has no sections. Thanks to the equalities
h0
(
Φ,L1
)
+ h0
(
Φ,L2
)
= h0
(
Φ,G
)
= 12 c1(L1) + c1(L2) = 2η
and to Proposition 2.5, it is easy to check that G ∼= OΦ(2η2) ⊕OΦ(2η1) necessarily. In particular
we should have γ2 = 4η1η2, a contradiction.
We finally examine the case of the smooth quadric Q. Recall that Pic(Q) is freely generated by
divisors ℓ and m such that ℓ2 = m2 = 0 and ℓm = 1.
As in the previous case we have two morphisms ϕi : Q → P
2 with ϕ∗OΦ(ηi) ∼= ϕ
∗
iOP2(1)
∼=
OQ(aiℓ+ bim) for suitable integers ai, bi. Thus again ϕ∗OΦ(η) ∼= OQ((a1 + a2)ℓ + (b1 + b2)m).
In this case the list of constraints is as follows: ai, bi ≥ 0, a1 + a2 = b1 + b2 = 2, µi = η2iΣ =
(aiℓ+ bim)
2 = 2aibi, i = 1, 2.
Let us start from the case µ1 + µ3 = 3, µ2 + µ3 = 5. If a1 = a2 = 1, then
2µ3 = 8− µ1 − µ2 = 8− 2b1 − 2b2 = 8− 4 = 4,
thus 2b1 = µ1 = 1, a contradiction. If a1 = 0 and a2 = 2, then µ1 = 0, µ2 = 2 and µ3 = 3. In
particular b1 = b2 = 1, hence the morphism ϕ1 should be defined by three sections of OQ(m). It
would follow that its image should be contained in a line in P2, thus Σ would be contained in a
divisor of the linear system |η1|. We conclude that Σ should be degenerate, a contradiction. The
argument in the case a1 = 2 and a2 = 0 is similar.
Finally let us consider the case µ1 + µ3 = µ2 + µ3 = 4. Arguing as in the previous cases,
we deduce that either a1 = b2 = 0 and a2 = b1 = 2, or a2 = b1 = 0 and a1 = b2 = 2, or
a1 = b1 = a2 = b2 = 1. In the two former cases µ1 = µ2 = 0 whence µ3 = 4, in the latter
µ1 = µ2 = 2, whence µ3 = 2.
Consider the case µ1 = µ2 = 0, µ3 = 4. The image of the morphism Q → Pd associated
to the complete linear system |OQ(dℓ)| (or |OQ(dm)|) is a rational normal curve for each d ≥
1. In particular, we notice that Di := ϕi(Q) ⊆ P2 is a conic, whence ϕ
−1
i (Di) ∈ |2ηi|. Since
Σ ⊆ ϕ−1i (D1) ∩ ϕ
−1
i (D2) and both the schemes are in the class 4η1η2 in A
2(Φ), it follows that
Σ is complete intersection inside Φ. Since h2
(
Φ,OΦ(−2η)
)
= 0, it follows from Theorem 2.3 the
existence of two exact sequences
0 −→ OΦ −→ G −→ IΣ|Φ(2η) −→ 0,
0 −→ OΦ −→ OΦ(2η1)⊕OΦ(2η2) −→ IΣ|Φ(2η) −→ 0
which must coincide because h1
(
Φ,OΦ(−2η)
)
= 0 (see again Theorem 2.3). We conclude that
G ∼= OΦ(2η1)⊕OΦ(2η2).
We conclude with the case µ1 = µ2 = µ3 = 2. In this case the maps ϕi are the restriction
of projections ψi : P
3
99K P
2 from a point. Let ψ : P3 99K Φ be their product rational map. By
construction ϕ = ψ|Q.
By definition of product map, the equations defining ψ are
(x0, x1, x2, x3, x4, x5, x6, x7, x8) = (y0y3, y0y4, y0y5, y1y3, y1y4, y1y5, y2y3, y2y4, y2y5)
where y0, y1, y2 and y3, y4, y5 are two triples of independent sections of H
0
(
P
3,OP3(1)
)
. Let V ⊆
H0
(
P
3,OP3(1)
)
the subspace generated by all these sections: we distinguish the two cases dim(V ) =
3, 4.
In the last case we can assume y4 =
∑3
i=0 uiyi and y5 =
∑3
j=0 vjyj. Since y3, y4, y5 are
independent, it follows that at least one of the ui’s, i = 0, 1, 2 is non–zero. It is easy to check that
im(ψ) is contained in the hyperplane with equation
(u0v3 − u3v0)x0 + v0x1 + (u1v3 − u3v1)x3 + v1x4+
+ (u2v3 − u3v2)x6 + v2x7 = u0x2 + u1x5 + u2x8.
In the first case we can write y3 =
∑2
i=0 uiyi, y4 =
∑2
j=0 vjyj , y5 =
∑2
j=0 wjyj . Since y3, y4, y5
are independent, it follows that at least one of the ui’s is non–zero. Again one checks easily that
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the hyperplane with equation
w0x0 + w1x3 + w2x6 = u0x2 + u1x5 + u2x8
contains im(ψ).
Thus Σ ⊆ im(ψ) ⊆ P8 is contained in a hyperplane too. In particular, Σ is not a del Pezzo
octic, because it is degenerate. We conclude that also this second case cannot occur. 
6. The intermediate cases
In this section we will classify the indecomposable, initialized, aCM bundles of rank 2 on F and
Φ whose first Chern class is not extremal, i.e. is neither 0, nor 2h, nor 2η.
We will show that there there are only two possible bundles (both on F and on Φ) up to
permuting the generators of the Picard group. Such bundles are described in the two following
examples.
Example 6.1. Consider the indecomposable bundle G := π∗2Ω
1
P2
(2η2). Using Ku¨nneth formulas it
is easy to check that G is initialized and aCM. Moreover its Chern classes are γ1 = η2 and γ2 = η22 .
Example 6.2. We have Ext1F (OF (h1),OF (−h1 + h2)) ∼= H
1(F,OF (−2h1 + h2)) ∼= k (see Propo-
sition 2.5). It follows the existence of a unique indecomposable extension
(21) 0 −→ OF (−h1 + h2) −→ E −→ OF (−h1) −→ 0.
It is immediate to check that E is initialized, indecomposable and aCM. Its Chern classes are
c1 = h2 and c2 = h
2
2.
Claim 6.3. E ∼= p∗2Ω
1
P2
(2h2).
It suffices to prove the existence of another extension like Sequence (21) with p∗2Ω
1
P2
(2h2) in the
middle. In fact, let G := π∗2Ω
1
P2
(2η2) and consider the standard restriction sequence
0 −→ G(−2η2) −→ G(η1 − η2) −→ G ⊗OF (h1 − h2) −→ 0.
Ku¨nneth formula yields h1
(
Φ,G(−2η2)
)
= 1 and h0
(
Φ,G(η1−η2)
)
= h1
(
Φ,G(η1−η2)
)
= 0, whence
h0
(
F,G ⊗ OF (h1 − h2)
)
= 1. Let s ∈ H0
(
F,G ⊗ OF (h1 − h2)
)
be a general section and consider
the corresponding Sequence (1)
0 −→ OF (D) −→ G ⊗OF (h1 − h2) −→ IE(2h1 − h2 −D) −→ 0,
where D is an effective divisor and E has pure codimension 2 in F or it is empty.
On the one hand h0
(
F,G ⊗ OF (h1 − h2)
)
= 1, thus h0
(
F,OF (D)
)
≤ 1. This last inequality
forces the vanishing D = 0, due to Theorem 2.10. On the other hand an easy computation shows
that c2(G ⊗ OF (h1 − h2)) = 0. It follows that G ⊗ OF (h1 − h2) fits into the exact sequence
0 −→ OF −→ G ⊗OF (h1 − h2) −→ OF (2h1 − h2) −→ 0
which is the claimed extension twisted by OF (−h1 + h2).
As claimed at the beginning of this section, we will show in the following that the two bundles
described above are the only possible indecomposable, initialized aCM bundles of rank 2 on F and
Φ.
Inequality (17) with D = 0 and Formulas (15), (16) yield the following list (up to permutations)
for the invariants associated to E and E.
Case (α1, α2) (β1, β2) deg(E) pa(E)
L (0, 1) (1, 0) 1 0
M (0, 2) (1, 0) 1 0
N (1, 1) (2, 0) 2 0
P (1, 1) (1, 1) 2 0
Q (1, 2) (2, 2) 4 0
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Let E have the invariants in the list above. Then E∨(th) is an indecomposable aCM bundle too.
We take t in such a way that it is also initialized. Propositions 3.4 and 4.2 imply 0 ≤ 2t− αi ≤ 2,
i.e. t = 1. We have
c1(E
∨(h)) = (2− α1)h1 + (2 − α2)h2,
c2(E
∨(h)) = (β2 − 2α1 − α2 + 3)h
2
1 + (β1 − α1 − 2α2 + 3)h
2
2.
It follows that case L occurs if and only if case Q occurs too.
6.1. The cases L and Q. In case L we know by the table that the cycle of E in A2(F ) must be
h22.
Let E ⊆ F be such a line. We have ωE ∼= OE(−2h), hence det(NE|F ) ∼= OE ∼= OF (h2) ⊗OE .
Taking into account that h2
(
F,OF (−h2)
)
= 0 (see Proposition 2.5), we thus know the existence
of an exact sequence
(22) 0 −→ OF −→ E −→ IE|F (h2) −→ 0.
where E is a vector bundle of rank 2 on F (see Theorem 2.3). It is immediate to check that E is
initialized.
The cohomology of Sequence (2) twisted by OF (h1) gives rise to the exact sequence
H0
(
F,OF (h1)
)
−→ H0
(
E,OE(h1)
)
−→ H1
(
F, IE|F (h1)
)
−→ 0.
The multiplication by h1 gives rise to the commutative diagram
H0
(
F,OF
) ∼
−−−−→ H0
(
E,OE
)
y ψ
y
H0
(
F,OF (h1)
)
−−−−→ H0
(
E,OE(h1)
)
The horizontal upper arrow is an isomorphism, because E is connected. Moreover the cycle of E
is h22, thus ψ, which is the multiplication by h1, is an isomorphism too. It follows that the map
below is surjective, whence h1
(
F, IE|F (h1)
)
= 0.
Since h0
(
E,OE(h1)
)
= 2 and h0
(
F,OF (h1)
)
= 3, it follows that the cohomology of Sequence
(2) twisted by OF (h1) yields h0
(
F, IE|F (h1)
)
= 1. The cohomology of Sequence (22) twisted by
OF (h1 − h2) thus yields h0
(
F, E(h1 − h2)
)
= 1.
Let us consider the zero locus Z of a general section of E(h1 − h2). As usual we decompose
Z = C ∪∆ where C has pure codimension 2 (or it is empty) and ∆ is an effective divisor. The
corresponding Koszul complex is
0 −→ OF (∆) −→ E(h1 − h2) −→ IC|F (2h1 − h2 −∆) −→ 0.
We deduce that h0
(
F,OF (∆)
)
≤ 1, hence Proposition 2.5 and the effectiveness of ∆ yield ∆ = 0.
Thus C is in the class of c2(E(h1−h2)) = 0, hence it is empty. We conclude that the above sequence
twisted by OF (−h1 + h2) is
0 −→ OF (−h1 + h2) −→ E −→ OF (h1) −→ 0.
which is the extension of Example 6.2 because Ext1F
(
OF (2h1 − h2),OF
)
∼= k. In particular the
bundle E is indecomposable, initialized and aCM, thus both the cases L and Q are admissible.
6.2. The case M. In case M we know by the table that E ⊆ F is a line, whose class in A2(F )
is h22 and we know that det(NE|F ) ∼= OF (2h2) ⊗ OE . Since h
2
(
F,OF (−2h2)
)
= 0, it follows the
existence of an exact sequence
0 −→ OF (−2h2) −→ E
∨ −→ IE|F −→ 0.
where E is a vector bundle of rank 2 on F . On the other hand we also have the exact sequence
0 −→ OF (−2h2) −→ OF (−h2)
⊕2 −→ IE|F −→ 0.
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Since h1
(
F,OF (−2h2)
)
= 0 (Proposition 2.5), we conclude that E ∼= OF (h2)⊕2 thanks to
Theorem 2.3.
In particular case M is not admissible in the sense that the sheaf E exists, but it is decomposable.
6.3. The cases N and P. In both these cases E is a curve of degree 2 of genus 0. The curve E
is either irreducible or the union of two concurrent lines, because pa(E) = 0, or a double line.
In case P only the first two cases are possible because the class of E is h22+h
2
1, thus E is reduced.
In this case ωE ∼= OE(−h), whence det(NE|F ) ∼= OE(h). Since h
2
(
F,OF (h)
)
= 0, we thus know
the existence of an exact sequence
0 −→ OF −→ E −→ IE|F (h) −→ 0.
where E is a vector bundle of rank 2 on F .
Since E is either a conic or the union of two distinct concurrent lines and h2c2 = 1, it follows
that h0
(
E,OE(h2)
)
= 2. Thus the cohomology of Sequence 2 twisted by OF (h2) implies on the
one hand h0
(
F, IE|F (h2)
)
≥ 1. On the other hand h0
(
F, IE|F (h2)
)
< h0
(
F,OF (h2)
)
, because
OF (h2) is base point free, whence h0
(
F, IE|F (h2)
)
≤ 2.
We conclude that the cohomology of the above sequence twisted by OF (−h1) and Corollary 2.7
thus imply 1 ≤ h0
(
F, E(−h1)
)
≤ 2.
Let us consider the zero locus Z of a general section of E(−h1). Let Z = C∪∆ where C has pure
codimension 2 (or it is empty) and ∆ is an effective divisor. The corresponding Koszul complex is
0 −→ OF (∆) −→ E(−h1) −→ IC|F (−h1 + h2 −∆) −→ 0.
We deduce that h0
(
F,OF (∆)
)
≤ 2. Proposition 2.5 and the effectiveness of ∆ yield ∆ = 0.
Thus C is in the class of c2(E(−h1)) = 0. It follows that E(−h1) corresponds to an element of
Ext1F
(
OF (−h1 + h2),OF
)
= H1
(
F,OF (h2 − h1)
)
= 0. We infer that E = OF (h1)⊕OF (h2).
Let us examine case N. Notice that two concurrent lines on F have necessarily classes h21 and
h22 in A
2(F ). Since the class of E in A2(F ) is 2h22, it follows that E is either irreducible or it is a
double line.
Let us examine the first case. Clearly there are distinct U, V ∈ |h2|, i = 1, 2 such that E∩U∩V 6=
∅. Since EU = EV = 0, it would follow that E ⊆ U ∩ V , whence 2 = 2h22h = deg(E) ≤
deg(U ∩ V ) = h22h = 1, a contradiction.
Thus E is a double structure on a line Ered whose cycle in A
2(F ) is h22. The general theory of
double structures (see e.g. [6]) gives us an exact sequence of the form
0 −→ CEred|E −→ OE −→ OEred −→ 0.
The conormal sheaf CEred|E is an invertible sheaf on Ered
∼= P1, thus CEred|E
∼= OP1(−a). Moreover
we know that a = 1, because pa(E) = 0 (see Section 2 of [6]).
Recall that the Hilbert scheme Γ of lines in F has exactly two components Γ1 and Γ2, each of
them isomorphic to P2 (see Proposition 3.5.6 of [28]).
The lines with cycle h22 form one of the two component, say Γ1, and the universal family
S1 → Γ1 is nothing else the natural projection p2 : P(Ω1P2(2)) → P
2. The variety F does not
contain planes, hence the universal family S1 → Γ1 maps surjectively on F (see Proposition 3.3.5
of [28]). Lemma 3.3.4 of [28] implies that the line U corresponding to the general point in Γ1
satisfies CU|F ∼= N
∨
U|F
∼= O⊕2
P1
. Clearly the induced action of the automorphism group of F on Γ1
is transitive, hence there is an automorphism of F fixing the class h22 and sending Ered to U . We
conclude that CEred|F
∼= O⊕2
P1
.
The inclusion Ered ⊆ E ⊆ F implies the existence of an epimorphism O
⊕2
P1
∼= CEred|F ։
CEred|E
∼= OP1(−1), an absurd.
In particular both the cases P and N are not admissible: in case P the bundle E exists but it is
decomposable, in case N it does not exist at all.
We summarize the results of this section in the following result.
22 G. CASNATI, D. FAENZI, F. MALASPINA
Theorem 6.4. Let E be an indecomposable, initialized, aCM bundle of rank 2 on F and let
c1 = α1h1 + α2h2. Assume that c1 is neither 0, nor 2h. Then (c1, c2) is either (h2, h
2
2), or
(h1 + 2h2, 2h
2
1 + 2h
2
2), up to permutations of the hi’s.
Conversely, for each such a pair, there exists a unique indecomposable, initialized, aCM bundle
E of rank 2 on F with Chern classes c1 and c2. If c1 = h2, then E ∼= p∗2Ω
1
P2
(2h2). If c1 = h1+2h2,
then E ∼= p∗1Ω
1
P2
(2h1 + h2).
Moreover the zero–locus of a general section of E is respectively a line, or a, possibly reducible,
quartic with arithmetic genus 0. Each line can be obtained in this way.
We conclude the section by dealing with initialized, indecomposable, aCM bundles G of rank 2
on Φ. As usual let γ1 = α1η1 + α2η2 and γ2 = µ1η
2
2 + µ2η
2
1 + µ3η1η2. As in the previous section
we know E = G ⊗ OF has second Chern class c2 = (µ1 + µ3)h22 + (µ2 + µ3)h
2
1. Thus Remark 2.8,
Theorem 6.4 and Inequalities (19) imply that we have to deal with the existence of the following
cases
Case (α1, α2) (µ1, µ2, µ3)
L (0, 1) (1, 0, 0)
Q (1, 2) (1, 1, 1)
Q′ (1, 2) (2, 2, 0)
Q′′ (1, 2) (0, 0, 2)
As for F , if G is initialized, indecomposable aCM bundle, then the same holds true for G∨(η).
The computation of c2(G∨(η)) shows that cases Q′ and Q′′ cannot occur, hence only the cases L
and Q are admissible.
Theorem 6.5. Let G be an indecomposable, initialized, aCM bundle of rank 2 on Φ and let
c1 = α1η1 + α2η2. Assume that γ1 is neither 0, nor 2η. Then (γ1, γ2) is either (η2, η
2
2), or
(η1 + 2η2, η
2
1 + η
2
2 + η1η2), up to permutations of the ηi’s.
Conversely, for each such a pair, there exists a unique indecomposable, initialized, aCM bundle
G of rank 2 on Φ with Chern classes γ1 and γ2. If γ1 = η2, then G ∼= π∗2Ω
1
P2
(2η2). If γ1 = η1+2η2,
then G ∼= π∗1Ω
1
P2
(2η1 + η2).
Moreover the zero–locus of a general section of G is respectively a plane, or a, possibly reducible,
quartic surface. Each plane on F can be obtained in this way.
Proof. The discussion above and Theorem 2.10 prove the first part of the statement. The existence
of such kind of bundles and the fact that planes can be all obtained via such a construction can
be proved with the same argument used for the threefold F . 
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